Lens axicons, i.e., lenses or lens systems designed to work like axicons, can be a simple and inexpensive way of generating the characteristic axicon focal line. In the design of most lens axicons, only on-axis properties have been considered. We present the design of a lens axicon with improved off-axis characteristics. It is constructed from a singlet lens but with a double-pass feature that allows for a line of uniform width and a stop positioned to minimize aberrations. We perform off-axis analysis and experiments for this system and for another lens axicon, one designed for its on-axis characteristics. We conclude that the off-axis performance of the double-pass axicon is better than both that of an ordinary cone axicon and that of the other lens axicon.
Introduction
Axicons 1,2 are optical elements that produce focal lines rather than the focal points of ordinary lenses. Their long focal depth and narrow focal linewidth make them useful in metrology, 3 optical trapping of particles, 4 plasma generation, 5 or to extend the focal depth of existing methods. 6, 7 Axicons can be manufactured in refractive, diffractive, or reflective versions. A diffractive axicon is a grating consisting of concentric circles, while a refractive axicon is normally thought of as a glass cone. However, other kinds of refractive axicons exist. It is possible to reproduce axicon performance by using a lens or a system of lenses, referred to as a lens axicon. Its surfaces are sometimes aspherical, 8 -11 but can also be spherical [12] [13] [14] [15] [16] [17] [18] [19] if the spherical aberration is used to create the extended focal line. The first suggested lens axicon was simply a biconvex lens 20, 21 whose spherical aberration created an extended focal line. The main disadvantage is that a singlet lens has positive spherical aberration, 22 while negative spherical aberration is required for a focal line of uniform width. 19 To avoid this, either multiple elements 13, 14, 17 or doublet lenses 18, 19 have been used.
In this paper we suggest and test what we believe to be a new design based on a singlet lens, where a double pass supplies the desired negative spherical aberration (see Fig. 1 ). As a consequence only the outer part of the axicon will be used, but this is common practice with axicons as the central part of the beam causes disturbances to the focal line. 23 The negative spherical aberration provides a focal line of good quality, despite the simplicity of the system that consists, in fact, of a singlet lens with suitable reflective coatings. Another kind of double-pass axicon, involving diffractive elements, has been suggested to improve the conversion efficiency. 24 An additional advantage of our design is its off-axis properties. Most axicons, for example the diffractive axicons or reflective cone axicons, show severe aberrations when illuminated at an oblique angle. [25] [26] [27] [28] The narrow focal line is destroyed, and in its place an asteroid-shaped focal pattern appears. 28 This makes scanning very difficult, and for short focal length devices even a slight misalignment can completely destroy the focal line. While the double-pass axicon cannot be used for scanning at large angles due to vignetting, its performance at small angles is almost perfect if an aperture is introduced at the right position. In this case both spherical surfaces are concentric, or nearly so, about the center of the stop. This cancels all the off-axis aberrations, leaving only the desired spherical aberration that produces the focal line.
Section 2 of this paper outlines the design and on-axis properties of the double-pass axicon. Its axial intensity and focal line width are found numerically and experimentally, and the results compared and evaluated. A method for numerical evaluation of lens axicon off-axis properties is presented in Section 3, along with the results for the double-pass axicon and the doublet-lens axicon presented in an earlier publication. 19 Finally, in Section 4 experimental off-axis results are presented for the double-pass axicon and for the doublet-lens axicon.
Design of Double-Pass Axicon
The principle of the double-pass axicon is shown in Fig. 1 , with parameters given in Table 1 . It consists of an aperture stop and a singlet lens, with appropriate reflective coatings to allow the double pass. The radii of curvature for the two surfaces are r 1 and r 2 , the inner diameter of the annular aperture is D 1 , and the outer is D 2 . The distance from the stop to the first surface is t 1 , and the distance from the first to the second surface is t 2 . The highlighted lens surfaces indicate reflective coatings. The distance from the last surface is denoted by z, where d 1 and d 2 are the beginning and end of the focal line. The material of the lens is BK7. The two key points of the design are that the double-pass allows negative spherical aberration with a singlet lens and the strategically positioned stop gives excellent off-axis properties. Negative spherical aberration gives a focal line of fairly constant width, unlike positive spherical aberration that produces large width variations. In a single pass, a singlet lens cannot produce the desired negative aberration. 19 The conventional axicon off-axis properties are rather bad, producing focal patterns of asteroid shape, 28 but in the doublepass lens axicon the stop is positioned so that both curved surfaces are concentric or nearly concentric about the center of the stop. This removes off-axis aberrations, and produces a narrow focal line even at off-axis angles. Due to vignetting, the design can be used only at off-axis illumination angles up to Ӎ 4°, but this still provides a wider angular range than the corresponding normal axicon and makes the lens axicon much more robust to misalignment errors. Since the central rays are blocked by the obscuration, an energy loss of ͑D 1 ͞D 2 ͒ 2 will take place if the axicon is illuminated by a plane wave. This is unavoidable in any lens axicon since the spherical aberration necessary to its function is not present in the central, paraxial rays. It is also standard for ordinary logarithmic axicons since the central rays will degrade focal line quality. 23 
A. Numerical Results
The calculation of the on-axis focal line intensity and the line width was done using a method similar to that of an earlier paper. 19 In short, the phase function of the axicon is calculated from geometrical optics as the optical path, and the intensity distribution found from the diffraction integral evaluated at the last surface of the axicon. For clarity we note that approximations involving only lower-order spherical aberration are inaccurate since steep surface curvatures cause significant higher-order terms. Consequently, the total optical path found from finite ray tracing must be used in the diffraction integral. The calculated axial intensity is displayed in Fig. 2 , showing that the intensity drops toward the far end of the focal line, unlike a normal conical axicon where the intensity will rise linearly with the distance from the element. The line half-width can be obtained form the stationary-phase expression 19 Table 1 . where is the wavelength of the light, ͑͒ is the phase function (in this case the optical path), and is the radial position in the aperture giving rise to a ray crossing the optical axis at position z. The derivative Ј͓ c ͑z͔͒ is taken with respect to , and evaluated at the stationary point c ϭ c ͑z͒. The resulting half-width is displayed in Fig. 3 and shows a width variation of approximately 20%. In this respect the on-axis properties are comparable but not as good as those of an ordinary conical axicon. The advantages of this lens axicon include its simple design and inexpensive manufacture from spherical surfaces and its superior off-axis properties.
B. Experimental Results
The proposed design, as specified in Fig. 1 and Table 1 , was manufactured at the Institute of Applied Optics in Warsaw. It was inserted into a collimated beam according to Fig. 4 , and aligned to produce an on-axis focal line. A microscope objective was used to magnify the image of the focal spot onto a CCD camera. The microscope objective and the CCD camera were kept in fixed positions and the axicon was moved along the optical axis to produce images at different positions of the focal line. The exact position of the intermediate image plane, which could be seen in a magnified version on the CCD camera, was measured separately by imaging a graticule onto the CCD camera. These images could also be used to find the scale. Since the camera settings were kept at the same level, and a neutral-density filter was used to avoid saturation, the obtained images could be used to find the central intensity of the focal line. The alternative is to insert a pinhole at different positions along the optical axis and measure the intensity passing through. Since the beam is very narrow (see Fig. 3 ), it is difficult to position a pinhole so that only the central lobe passes through. For this reason, using the CCD images was preferred. The results are shown in Fig. 2 , along with the numerically obtained values. As can be seen, the values are similar with some difference in focal line length. The experimentally obtained focal line extends over approximately 50 mm and drops to approximately one third of its maximum value at the end of the focal line.
The linewidth was found from the same pictures by using the known scale. To improve the accuracy, three measurements were made: the widths of the first, second, and third dark rings. The third and second rings were then rescaled by using the known relations between the zeros of the Bessel beam (i.e., multiplying the width of the second ring by 2.4048͞5.5201 and the third by 2.4048͞8.6537), so that all three measurements became assessments of the linewidth. The results are shown in Fig. 3 along with the numerical prediction. The nearly constant difference between the two, of 5%-10%, clearly indicates some kind of scaling error. Shown in the graph are also the widths of the Fresnel or Arago spots, 29 formed from diffraction at the inner and outer edges of the pupil. 19 The intensity of the Arago spot is much lower than that of the focal line, but some measurements of its width have been made just before the focal line starts. This can be observed at the first four measurement points, which show the same linear growth pattern.
Off-Axis Numerical Calculations
The numerical calculations of the on-axis properties of a normal cone axicon are straightforward. 2 They are found from the Fresnel diffraction integral in thin-element approximation, and because of radial symmetry reduces to a 1D integral. On-axis properties of a lens axicon are a bit trickier, as the thin element approximation is invalid, but the phase function can be reconstructed from geometrical optics and inserted into the same diffraction integral. 19 Off-axis properties of a normal cone axicon require evaluation of the 2D rapidly oscillating diffraction integral. Additionally, the Fresnel approximation is invalid at off-axis points, and a better approximation of the phase term in the Fresnel-Kirchhoff diffraction integral must be used. 28 In this paper we find the off-axis properties of lens axicons. A numerical evaluation of the 2D Fresnel-Kirchoff diffraction integral is required, and the thin-element approximation cannot be used. We use a hybrid method involving finite geometrical optics ray tracing to find the optical path of the rays, and then swap to diffraction theory at a flat surface in the same position as the last surface of the lens (see Stamnes 30 for extensive work on such hybrid methods). The diffraction integral was evaluated as a sum, using a large number ͑ϳ10 6 ͒ of sam- ϭ 2°, and ϭ 5°off-axis angles. For the doublepass axicon the patterns are found at 90 mm distance from the last surface. The cone axicon was chosen in order to give a focal line of similar length and width to that of the lens axicon. Its parameter ␣ ϭ ͞z ϭ D 1 ͞2d 1 ϭ D 2 ͞2d 2 was chosen as an approximate average of the same parameter for the double-pass axicon, namely ␣ ϭ 0.05. The distance z ϭ 120 mm was chosen ϳ20 mm from the beginning of the focal line, as the double-pass axicon was also sampled at this distance. The shape of the cone axicon focal region can be predicted as an asteroid curve of width ␣z͑1 Ϫ 1͞cos 2 ͒, 28 which is in agreement with the figures presented. Figure 5 clearly indicates that the double-pass axicon has superior off-axis properties.
The numerical results are not limited to this particular kind of axicon: In Fig. 6 , results are shown for the doublet-lens axicon presented in an earlier publication 19 at z ϭ 220 mm. The doublet-lens results are shown at ϭ 0°, ϭ 2°and ϭ 4°[Figs. 6(a)-6(c)], as are results for the corresponding cone axicon [ Figs. 6(d)-6(f) ]. The parameters for this axicon are ␣ ϭ 0.025 and z ϭ 220 mm. The doublet-lens axicon was designed for its on-axis properties without consideration of its off-axis behavior. This shows clearly, as the off-axis properties are in fact even worse than those of the cone axicon. In contrast, the double-pass axicon, where off-axis properties were an integral part of the design, shows excellent off-axis results.
Off-Axis Experimental Results
To test the axicon experimentally we used basically the same configuration as in Fig. 4 . The double-pass axicon was now placed in a tilt-adjustable mount, with up to 5°controlled tilt in the vertical and horizontal directions. The tilt was set to a certain level, and then the axicon was moved along the optical axis to produce images at different positions along the focal line. Some results are shown in Fig.  7 , at angles 0°, 2°, and 4°in positions z ϭ 70 mm (beginning of focal line) and z ϭ 90 mm (well into the focal line). From those pictures we can conclude that the line suffers from very little astigmatism, thus showing an improved off-axis quality. The slight trifoil shape that can be observed in all pictures is probably attributable to small manufacturing errors. The main problem, most visible at the beginning and end of the focal line, is the vignetting of the beam, causing the focus to deviate from the ideal radially symmetric pattern and take on a shape more resembling a bent line. Since the vignetting effects were not included in the numerical calculations, this also explains the discrepancies between Figs. 5 and 7. The vignetting could be improved by increasing the size of the BK7 element, and also by adding more margins in the choice of reflecting and transmitting areas. The price for the latter would be a shortening of the focal line. The doublet-lens axicon from Ref. 19 was tested in a similar way. It shows much more astigmatism than the double-pass axicon, as can be seen in Fig. 8 . Here the focal segment is shown at z ϭ 220 mm, for a tilt of 0°, 2°, and 4°. The vignetting effects were smaller than for the double-pass axicon, so the results resem- ble the numerical results in Fig. 6 quite closely. This also confirms that the doublet-lens axicon actually shows more astigmatism than the corresponding classical axicon, while the double-pass axicon has nearly no astigmatism.
Conclusions
We have demonstrated the design of a double-pass axicon, made entirely from spherical surfaces, that has much less astigmatism than an ordinary diffractive or refractive cone axicon. The findings are confirmed both by using numerical tools, developed using a hybrid refractive and diffractive model, and from experiments. The axicon shows some vignetting, which could be improved simply by increasing the size of the element.
Similarly, a previously developed doublet-lens axicon has been tested. This axicon was also made from spherical surfaces, but was developed for onaxis applications and was not free of astigmatism. Both numerical and experimental results show obvious astigmatism traits.
Since the two axicons have different focal distances and focal depths, it is difficult to compare the off-axis results directly. Instead, the comparison is done to standard refractive cone axicons of similar focal distances and depths. It is found that the double-pass axicon performs better than its corresponding cone axicon at off-axis angles, while the doublet-lens axicon actually performs worse. Thus we can conclude that the double-pass axicon, which was designed for minimum astigmatism, also performs better at offaxis angles.
